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Abstract 

We study the lattice model for the supersymmetric Yang-Mills theory in two-dimensions pro- 
posed by Cohen, Kaplan, Katz, and Unsal. We re-examine the formal proof for the absence of 



susy breaking counter terms as well as the stability of the vacuum by an explicit perturbative 



calculation for the case of U(2) gauge group. Introducing fermion masses and treating the bosonic 
zero momentum mode non-perturbatively, we avoid the infra-red divergences in the perturbative 



calculation. As a result, we find that there appear mass counter terms for finite volume which 
vanish in the infinite volume limit so that the theory needs no fine-tuning. We also find that the 

in ' 

supersymmetry plays an important role in stabilizing the lattice spacetime by the deconstruction. 
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I. INTRODUCTION 



The lattice field theory methods are expected to be useful for the non-perturbative study 
of supersymmetric gauge theories, but a satisfactory formulation which can be applied to 
efficient simulation has not been obtained so far despite much effort in the study of super- 
symmetric lattice formulations (see )• Since the supersymmetry algebra contains 
infinitesimal translations, it is quite difficult to construct a lattice theory without an ex- 
plicit breaking of the supersymmetry due to the lattice regularization, which in principle 
gives rise to all possible supersymmetry breaking terms not prohibited by other symmetries 
at the quantum level. This makes practical non-perturbative simulations extremely difficult 
due to too many parameters which requires fine-tuning in order to recover the supersymme- 
try in the continuum limit. 

To solve this problem, one of the promising approaches is to construct the lattice formula- 
tions preserving partial exact supersymmetry 1 . Cohen-Kaplan-Katz-Unsal(CKKU) 2 J3 , 



constructed a matrix model realization of such theories based on the orbifolding 4£j , 



and deconstruction 



48. 



49 1 method. The first non-perturbative studies of these CKKU 

n n 

models are performed by Giedt |5( -|8[. Orbifolding is the projection of the zero-dimensional 
or one- dimensional matrix models by some discrete subgroup of the symmetry. A zero- 
dimensional moose diagram which is regarded as lattice structure is obtained by this proce- 
dure. Supercharges which are invariant under the orbifold projection becomes the symmetry 
on the lattice. In these procedures, one can make lattice models with an exact partial super- 
symmetry if one chooses appropriate generators for orbifold projection. Deconstruction is a 
dynamical construction of the <i-dimensional spacetime on a N d lattice with the spontaneous 
symmetry breakdown of the gauge symmetry of the moose diagram U(M) Nd — > U(M)di a g- 
In this model, they apply the deconstruction at the zero- dimensional moose diagram. 

One possible problem in this approach is that the extended supersymmetry has flat di- 
rections for the scalar so that the lattice structure from the deconstruction suffers from 
the instability due to the quantum fluctuations of the scalar zero momentum modes. To 



1 The first attempt to construct a theory with partial exact supersymmetry on the lattice was proposed by 
Sakai- Sakamoto ^(J. In recent years, not only CKKU model but also other several lattice formulations 
for Yang-Mills theories with an exact partial supersymmetry have been proposed. One approach is the 
topological field theory (TFT) construction of the lattice theory, which can be obtained from twisting the 
gauge theory with extended supersymmetry 0,0], 
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suppress the divergence in the flat directions, soft susy-breaking terms for the scalar fields 
are introduced. Since such terms break the supersymmetry and causes the infra-red diver- 
gence of fermion zero modes, the original discussion of the renormalization based on exact 
supersymmetry on the lattice has to be modified by including the breaking terms. 

In this paper, we concentrate on the two-dimensional U(2) lattice gauge model of CKKU 
in Ref . jlj , and investigate the fine-tuning problem and the stability of the spacetime struc- 
ture by an explicit calculation of quantum corrections of fields which can be relevant. We 
calculate the quantum corrections of scalar one-point and two-point functions in the model 
of Ref. Q]. Before the explicit calculation, we have to take care of ill-defined perturbation 
due to the flat directions in the zero momentum modes of gauge fields and fermion fields . 
In order to avoid the infra-red divergence for the fermion zero mode, we introduce a new 
soft susy breaking mass term for the fermion fields. For the bosonic fields, we apply the 
perturbation only for the non-zero momentum mode and treat the zero momentum mode 
non-perturbatively. In addition to the fine-tuning problem, several interesting results are ob- 
tained by our explicit calculation. Firstly, we found the constraint for the parameter region 
where the lattice theory is well-defined. And secondly, it is found that the fermion-boson 
cancellation which suppresses the quantum corrections to the potential is needed to stabilize 
the deconstructed spacetime in the physical region where the lattice size is larger than the 
correlation length. Similar instability has been observed in the non-perturbative study ?J 
on the bosonic part of the CKKU model for the (4,4) 2d super- Yang- Mills 3j. 

The paper is organized as follows. We review the model by CKKU |l[ in Sec. |H] In 
Sec. we explain possible counter terms. We also explain the problem of fermion zero- 
mode which is called as 'ever-existing fermion zero mode'. In Sec. IIVI we will describe the 
treatment of massless zero momentum modes which make the perturbative calculation based 
on the gaussian integral ill-defined. In Sec. 13 we present our results on the renormalization 
of susy breaking counter terms. Sec. EH is devoted to the discussion on the constraint 
from the stability of the spacetime. Our conclusion and discussions are given in Sec. I VI II 
Technical details such as mathematical notations, path-integral measures, and amplitudes 
are described in the Appendices. 
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II. BRIEF REVIEW OF CKKU MODEL 

The model by CKKU [lj is constructed from the zero- dimensional matrix model with 
four supercharges, 

S = ^{-Trv mn v mn + Tripa m [v m , ip}), (II.l) 

where a is the Pauli matrices, v mn = [v m ,v n ] and v m = ^T Q , ip = ip a T a , T a is the 
generators of U(MN 2 ) gauge group, and g is the gauge coupling. The above action is 
obtained by the dimensional reduction of the 4-dimensional M = 1 super- Yang-Mills theory 
to the zero- dimensional theory. They constructed the lattice structure by imposing the 
following orbifolding condition on the matrix theory 

= [e^C^C'W, (H.2) 

where /i, v are the indices of the gauge group U(MN 2 ). r a (a = 1, 2) are the generators of the 
Cartan subalgebra of the R-symmetry 50(4) x U(l), whereas C a are generators of a discrete 
symmetry Zn <8> Zn C U(MN 2 ) as given in Ref. jl|. If we decompose the matrices into 
iV 2 x iV 2 blocks of M x M submatrices, the above orbifolding conditions require that only 
N 2 blocks can be non-zero, while the other blocks are projected out. By interpreting the 
indices for different blocks as the coordinates of the two-dimensional spacetime, we obtain a 
lattice structure which preserve one of the four supercharges exactly. In this interpretation 
iV is regarded as the number of lattice sites for each directions. The lattice action is 

*S() = ~2 '^2i Ii Tr\^{x xl -iX xl -i — X n X n + 1/n-jZ/n-j — Z/n|/n) 2 
-|-2|x n ?/ n _)_i ?/n-^n+j | 

+V2(a n x n \ n - « n _iA n x n _i) + v^AiZ/nAn - /3 n _jA n ?/ n _j) 

-V^OnZ/n+i&i - a n +j£n2/n) + V^Ai^n+j&i - /3 n +i£nZn)] , (II.3) 

where x n , x n and y n , y n are the linear combinations of the submatrices in V\, V3 and V2, V4 
respectively. a a , /3 n A n , ^ n are the submatrices in ip and if) respectively. 

A mechanism called as deconstruction is applied in which the kinetic term is generated 
by a spontaneous breakdown of the gauge symmetry. The bosonic potential in the action 
after the orbifolding allows the following classical minimum as vacuum expectation values 
(VEV) x n = y n = x n = y n = -j=- x l k , where a is the lattice spacing. Expanding the 
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bosonic fields around this VEV as 



x n = — ■=- x 1^ H — , x n = — =r- x 1^ + 



y " = Wa XU + ^^- V " = TTa * ^ + ~Vf~' (IL4) 
the action acquires kinetic terms. Taking a naive a — > limit the action can be written as 

S =^ y <i 2 xTr ^|D m s| 2 + ipiD m ^ m ip + ^v mn v mn 

+ iV2($ L [s,iP R ) +$ R [s\if> L ]) + ^s] 2 ), (II.5) 

which is J\f = 2 {7 (M) super- Yang-Mills theory in two- dimensions. In this paper, we con- 
centrate on C/(2) gauge theories. Here g 2 = ga is the two-dimensional gauge coupling and 
s = g£±ya a nd is hermitian conjugate of s. The definition of the fermion fields and gamma 
matrices are same as in Ref. 111]. 

n 

In Ref. [1|], the authors argued that the theory recovers the full supersymmetry without 
the need for fine-tuning. Let us here repeat their arguments. The counter terms which can 
appear in the two-dimensional lattice theory have the following form 

SS = ^Tr j d6 J d 2 xC a O (11.6) 

The mass dimension of coupling M(g 2 ) is M(g 2 ) = 1. And M(j d 2 x) = -2,M(J d6) = \. 
If the operator O has dimension M(0) = p, mass dimension of coefficient Co must be 
M(Cq) = | — P- In perturbation theory, the coefficient Co can be expanded as 

C = a^J2 c i(9WY, (H.7) 
i 

where I is the order of loop expansion and q is the coefficient of l-th order. Therefore at 
/-loop, relevant operators must satisfy 

p < I - u (n.8) 

At 1-loop level, only operators with dimensions < p < | are relevant. Beyond 1-loop level, 
there is no relevant operator, since Eq. 8)1 allows only the negative mass dimensions. The 
operators which can satisfy this condition are only 1-point function of bosonic super-field 
B, and 1-point function of fermionic one F. B cannot give any contributions due to the 
Grassman parity, j dd. There are two candidates A and H for the fermionic 1-point function, 



where A and S are the superfields corresponding to A and £. Since E is forbidden by Z 2 point 
symmetry, the only term which can be relevant is A, however we can ignore this term since it 
is the cosmo logical constant. As a result, there is no relevant operator due to supersymmetry 
and the discrete symmetry on the lattice. This naive power counting arguments give a formal 
proof for the emergence of the supersymmetry in the continuum limit without fine-tuning. 
However, we should remark that the above argument assumes that the perturbation theory 
is well-defined. 

The formalism of CKKU also assumes the symmetry breaking for the deconstruction. 
However as they pointed out, the integral over the zero momentum modes of scalar fields 
is divergent, since there are flat directions in the action Eq. (|11.3|) . This divergence causes 
a serious instability of the vacuum. In order to control the stability of the vacuum, they 
modified the theory and introduced soft scalar mass terms to suppress the divergence, 



where they take mass parameter /i to be inversely proportional to the lattice size L = Na. 
Whether the above formal proof for renormalization remains valid even with the soft susy 
breaking term should be examined. And also whether the perturbation is well-defined or 
not should be studied. 

III. SUBTLETIES IN CKKU MODEL 

In this section, we consider the subtleties in CKKU theory. In the discussion on the 
renormalization in the previous section, they assumed that the perturbation theory is well- 
defined. However after introducing the soft susy breaking terms, there appear infra-red 
divergences from massless fields which do not cancel with each other. It is therefore impor- 
tant to re-examine the renormalization at 1-loop level by explicit calculations in order to see 
whether this theory really needs fine-tuning or not. 

Since there is no exact supersymmetry in the modified action, we do not exploit the 
superfield formalism here, so that operators O in this section do not contain the grassman 
coordinate 6 any more as opposed to the operators O in the previous section. Radiative 
corrections induce the operator O of the following structure into the action 






(III.l) 
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Relevant or marginal operators (O) whose canonical dimension M[(9] = p at the /-loop 
correction must satisfy 

p < 4 - 21 (III.2) 

At 1-loop level, relevant or marginal operators with dimensions < p < 2 can arise. At 
2-loop level, relevant operators with the dimension p = can arise. Beyond 2-loop, there is 
no relevant or marginal counter term. Since the operator with the dimension p = is the 
cosmological constant, it does not play any serious role in fine-tuning problems. 

Let us now focus on the 1-loop relevant or marginal counter-terms. Since bosonic fields 
have dimension 1 and fermionic fields have dimension |, the candidates for such operators 
are bosonic 1-point and 2-point functions. Although fermionic 1-point functions are possible 
from dimension counting, they are forbidden by Grassman parity. 

Since 1-point functions of gauge fields are forbidden from Furry's theorem and the 2-point 
ones are also forbidden by the gauge symmetry. Hence the only possible counter terms are 

• < s x >, < s y > (scalar lpoint functions), 

• < si >, < > (scalar 2point functions). 

In what follows, we will discuss the renormalization of these two operators. 

Another subtlety is the existence of an exact zero mode of the fermion matrix called 
'ever-existing zero mode'. It was pointed out by Giedt p that the constant mode of the 
£7(1) part of the fermion, which is independent of the bosonic field configurations, completely 
decouples from the theory. Therefore a naive path-integral of this model would be ill-defined, 
unless one either removes this mode or introduce an infra-red regulator. The existence of 
this mode can be understood as follows: The fermionic part of the action for the mother 
theory is 

S F =\Tr$a m [v m ,i/>]), (111.3) 
9 

where the fields are described by the adjoint representation of U{2N 2 ) gauge group. It 
is obvious that the U(l) component of ip is the exact zero mode. Since A in ip has a 
neutral charge for the R-symmetry U(l) n x U(l) r2 , The constant mode Tr u ^ MN 2^[ilj a {T a )] = 
J^ n TrA° survives as an exact zero mode in the daughter theory after orbifolding. In this 
work, to make path-integral well-defined, we propose to introduce the following fermion 
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mass term with coefficient fip proportional to \ so that the action now becomes 

S2 = SiH — 2 — Tr^2(a n x n X n + (3 n y n \ n - a n y n+i £ n + (3 n x n+j £ n ). (HI.4) 

9 n 

Note that this mass term (|III.4|) and the bosonic mass terms (|II.9Jl play slightly different 
roles. The bosonic term (jll.9|) gives mass only to scalar fields but not to the gauge fields 
which are protected by the exact gauge symmetry, while the fermion mass term (|III.4|) gives 
masses to all fermion fields including gaugino. This asymmetry causes crucial effects on the 
quantum corrections as will be explained in the Sec IV C 2l 



IV. CALCULATIONAL METHODS 



A. Parameterization of bosonic fields and gauge fixing 

In Ref. [lj, bosonic fields s,v are defined by the real and imaginary parts of fluctuations 
of x, y from the (VEV) as in Eq. ([H.4J1 . As pointed out in Ref. [tj, we could instead take 
the following parameterization to define bosonic fields s, v. 

Xn = -L(±±^l + Sxn y a ^ yn = ^(I±M + Syn ) e -,n (IV .i) 
v2 a V2 a 



x n = -^e-^(^M + s xn ) y n = ±e-™«»(±±R + s yn ), (IV.2) 



where (s) represents the shift of the VEV by quantum corrections. This parameterization is 
convenient since one can separate the gauge transformation property for s and v; s transform 
as adjoint site fields under gauge transformation while v transforms as bifundamental link 
variable. In the following analysis we adopt the parameterization in Eqs. pV.l|l . (|IV.2J) . 
We introduce the gauge fixing term: 

S gf = ^{^} 2 J2Tr[{V7 x (x n - x n ) + V-(y n - y n )}% (IV.3) 
y v n 

where are difference operators in the forward or backward directions V^/ n = ±^{/ n ±i — 
fn} jV^/n = ±i{/ n ±j — /„} and a 9 is an arbitrary parameter. We take a 9 as the Feynman 
gauge a 9 = + which make the propagator of the gauge fields diagonal. From the gauge 
fixing condition (jIV3j) and the notation ()IV. 1|IV.2|) . ghost term is expressed as follows. 
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Sgh =i(l+ < s >) ^Tr[c n (V;{^[c n , (i±M + - + V+c n 

^ Q CI CJ 

n 

- ifcn, t4(^-^ + S xn )} - .V+C n f/t n (i±M + Sxn)} 

a a 
V y {i[c n , ( 1+ a + Syn)U yn ] - + v)^V+c n 

" i[Cn, ^(^^ + VOl " ^ + C n C/t n (l±M + Sj/n ) } ), (IV.4) 

where c n , c n are ghost and anti-ghost fields respectively, and U vn = e iaVuTL {y — x, y). 
B. Treatment of zero momentum modes 

In the present theory the coupling g is the product of two-dimensional gauge coupling 
(?2 and lattice spacing a as g = g^a. For a fixed gauge coupling g2, the dimensionless 
coupling g becomes small near the continuum limit, therefore the perturbation theory is 
expected to become a good approximation. However, since there is no quadratic term of 
massless zero momentum modes, perturbative calculations based on the gaussian integral 
becomes ill-defined, thus a special care must be taken for the zero momentum modes. In 
our approach, we carry out non-perturbative calculation for the zero momentum modes 
while non-zero momentum modes are treated perturbatively. 



The calculational procedures are the following: 

1. We perform the fourier transformation of the fields as given in Appendix. A, including 
the rescaling of the fields by certain powers in g and N. g,fi,jj are used as the 
parameter for perturbative expansion, where p, — afj, — -|. 

2. We carry out exact fermionic integral for both zero momentum modes and non-zero 
momentum modes. Then we also carry out 1-loop perturbation for the non-zero mo- 
mentum bosonic fields. 

3. The effective action is the sum of the tree level action for the zero momentum bosonic 
fields and logarithm of the determinant from the 1-loop integral for other fields which 
also depends on the zero momentum boson fields. Expanding the 1-loop contribution 
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in terms of the zero momentum boson fields, the leading term is a constant and next 
leading and next-to-next leading terms are the 1-point and 2-point functions. By the 
discussion in Sec. Illl| only these three terms can be relevant and higher terms in the 
effective action are irrelevant. We show that the 1-point and 2-point functions at 
the effective potential are irrelevant by explicit calculation, which will be described in 
Sec. ED 

4. Once the 1-point and 2-point functions in the effective potential are shown to be 
irrelevant, these terms can be neglected in the effective action. Then the final form 
of the path-integral over the zero momentum bosonic fields can be reduced into a 
simpler form. A non-perturbative calculation of the path-integral will be described in 
Sec. ECO 



V. RESULTS 



A. Procedure 1: Fourier transformation 



Let us consider the following 1-point and 2-point functions of the scalar fields s M = s"T a , 
na (a = 0. 

and pauli matrices T a = \a a (a = 1, 2, 3) 



where /i = x,y and T a (a = 0, 1, 2, 3) are the generator of ^(2) gauge group with T° — ~ x 1 



l 

2 



/ \{{\{d€n)d€d¥jet'{D 9h ) £ s^e 



(3,n v 



I ]J(]Jd^ n )d^ n d^ n det'(D gh )e- s 

/3,n v 

I \[{\[d^)d^ldet'{D gh ) £ s>J m e- 

^2 ' = ^^( S /m S /Ln) = 



7,n v 



I JJiYld^Jd^d^det'iD^e- 3 

7,n v 

where subscript a, (3, 7 stand for the U{2) gauge generator and "0^" in the integration 
measure are defined as 

0^ = 0^,(^ = 0,1,2,3) (V.l) 

4 = 4 4 = 4 = »$, 4 = -4 (v.2) 

"■0 7 " denotes the fermionic fields A 7 and £ 7 , and "-0 7 " denotes the fermionic fields a 7 and /3 7 . 
In the following we omit the subscript ' '//' of '0 M ' when it is possible. det'(D gh ) is the Fadeev- 
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Popov ghost determinant, where the contributions from the zero modes which correspond 
to the residual gauge symmetry are removed. The total action S is S = S2 + S meas + S g f, 
where S meas is the measure term from the definition of notation (|lV.lj) . (|lV.2|) . we describe 
the detailed discussion at that measure term on Appendix. O Here we represent the fields by 
momentum representation as described on (|A.l|) - (jA.10|) . The above 1- and 2- point functions 
in momentum representation are 



/J]d0(k)#(k)#(k)de*'(D flh )n(^(O))e- 



1 n 



7 t — 

92 L 2 



i=l 



J JJd0(k)tZ^(k)#(k)tfet / (D ph )e - 



(V.3) 



with n — 1, 2. 

The action is expressed in terms of the fourier modes as 



S — Si, + s 



f» 



where the bosonic part £& is 



S b = J2 ^(k)^(k)^0,(-k) + S zero + S meas + O(^0(k) J 

k^O 



(V.4) 



(V.5) 



where we have written the kinetic term symbolically as D^(k). We note that this kinetic 
term depends on the zero momentum modes of the bosonic fields 0(0). S zero is the zero 
momentum mode part of the bosonic action given as 



S zero = ^Tr[0 M (O),^(O)] 2 + ^Tr[(s :E (O) + 




9 32(0) 



5,(0) + 




9 ~4( Q )V 



) 



(V.6) 



The fermion action Sf in the momentum representation is 
Sf = (g- l N{- 



i) 1/2 < (#) 1/2 ^, og, P a , ft, 



( 



/1 (2,2)k,p 


\N/ - U (2,2)k,0 


/ 9 \ 

o C(2,l)k,0 


(n) / /F ^A(2,l)k,0 


\n) -^(2,2)0^ 


JX F E' 2 2 + (^) 2 #(^2)0,0 


lA^v' ^^€(2,1)0,0 


A i ^- r A(2,l)0,0 


I 9 \ pOv 
\N) LT (l,2)0,p 


( 9 \ 2 77 „ UOb 

\NJ n A(2,l)0,0 




P>F 


(9_\ TOu 
\N) J (l,2)0,p 


f s \ 2 .-. A" 06 

/iF-^(i j2 )0,0 


Jjl f 


ftp 



\ 




(V.7) 
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with Jxp = cl^f , and the submatrices A^ 2 ^ p , -B^ b 2 )k o' ' ' ' 1^(12)00 are gi ven i n Ap- 
pendix. El 

The ghost action S g h is 



s 9h = r x mjj) 1,2 %ft&) 



V 



1 k,p 




o\ 


/ (S_)l/2 5 u \ 











~a 








V 


I % J 



^ kp anc ^ ©ifo are a ^ so gi ven i n Appendix. |Bj 



(V.8) 



B. Procedure 2: Perturbative calculation of the non-zero momentum bosonic 
fields 



We now make 1-loop perturbation for the non-zero momentum bosonic fields. It is easy 
to see that the 1-loop contribution is nothing but a Gaussian integral for the kinetic term 
and the contribution from the interaction terms gives higher order corrections, which can be 
neglected. This leaves only the determinant factor detf-D^k)] -1 / 2 for the path-integral. This 
also simplifies the fermion path-integral. Since at 1-loop order in perturbation theory all the 
contributions of non-zero momentum bosonic fields can be dropped except for cfetf-D^k)] -1 / 2 
, the off-diagonal block parts in the fermion matrix B^ 22 ^ k0 , C^ 21 ^ k0 , C^ 21 ^ k0 , f°2 2)op' 
^(1 2)0 p an d J (12)0 p can a ^ so dropped. It can be also shown that the matrix A^ 22 ^ p becomes 



(2,2)k,p 



^2 2)k^-p- a ft er dropping the non-zero momentum bosonic fields. Then it is 



easy to see that only the following term contributes to effective action in the determinant 
of the fermion matrix Mf. 



det(M f ) cc det(A^ 2)k ) 





[i F E' 22 + (^) 2 -^2,2)0,0 


1 

\n) / i F- r g(2,l)0,0 


(I) 1 


7-. I?aO 
/ i ^- r A(2,l)0,0 


x det 


{n) ^F n \(2, 1)0,0 


fi F 






\ \NJ ^ fJX (1,2)0,0 


fi F 


fi F 



\ 



= [Y[det[D^(k)]]det[D^\. 
The ghost determinant is given as 



(V.9) 



det'[D gh ] = l[det[D gh (k)} = \\det{T 



liv\ 
k ) 



(V.10) 
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We then obtain 



C"-- = L^gi 



x 



/ #(0)^[^(0)]n (det[^(k)]-3dei[£) flft (k)]det[^(k)]) H(S a ;(0))e' s —e 

k^O i=l 



/ #(0)^[^(0)]n (^det[D^k)]-Uet[D gh (k)}det[D4k)]j e~ s ^e 

k^O 



(V.11) 



C. Procedure 3: Numerical study of the 1-loop contribution from the non-zero 
momentum modes 

We note here that S meas — log(U il det[D ( i ) {k)]~^det[D gh (k)]det[D^(k)]) is nothing but the 
contribution from the non-zero momentum modes to the 1-loop effective action and the zero 
momentum mode of measure term. In general, it depends on the zero momentum mode of 
the boson field. We expand the 1-loop effective action in the bosonic zero momentum mode, 
and effective action becomes as following. 

^eff S zero log (U k det [D4 (k)] - 3 det [D gh (k)]det [A/> (k)] ) 

= s zero + sZ P + (siz + ssixm^ + (si 2 j ro + sZ^rkovm? 

Hsill + ^!l P )^ 2Q3 0(o)-0(o)-0(o)^ 

HSif ro + 5jl p )^r 3Q V(O)^0(O)-0(O)^0(O)- + • • • , (V.12) 

where Sf}l , S^l op , S^l op ... are coefficients derived by non-zero momentum mode integral and 
measure term. Among the contributions of 1-loop effective potential, only leading term and 
1-point and 2-point terms (fiffi,,,, (5{J> 1 )^(0)«S {S^)rfcO)?$(0)?) can be relevant 
or marginal as suggested by the power counting in the previous section. 

We now investigate whether 1- and 2-point functions from 1-loop contributions (S[H op , 
Sfilop) become irrelevant or not by the explicit calculation. 

1. 1-point function 

Due to the Furry's theorem and the gauge symmetry, the only fields which can have 
non-vanishing 1-point functions are the U(l) part of the scalar fields s% y (0). These 1- 
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point functions can be absorbed into the shift of the VEV. We represent the VEV which 
is proportional to the inverse lattice spacing including the 1-loop effect as where (s) 

corresponds to the shift of the VEV. 

Using the expression of the measure term and fourier transformation in Appendices. \K\ 
and O we obtain the effective action for U(M) gauge theory. For our explicit numerical 
calculation, we take M = 2. 

Seff((s))\ m=0 =^[(l + (s)r-l] 2 M 

+ E wi l09[{1 + {s))2{p + 3/i2) ~ ^ 2]m2 

" E + (*» 2 {k 2 (l + fr) + 2/i F 2 }]M 2 . (V.13) 

For sufficiently small g = g 2 a we find that there is a minimum of the potential near 
(s) = as shown in Fig. ^ where the 1-loop effective potential with the case N = 200 and 
g 2 = is shown. The stability of the vacuum for more general parameter region will be 
studied in Sec. IVII We also find that (s) vanishes quadratically in a towards the continuum 
limit as shown in Fig. |21 



2. 2-point function 

We next study whether the contribution from the non-zero momentum mode integral 
to the 2-point functions are relevant or not in the continuum limit. Among the 2-point 
terms {S ( ^} loop )'^l a2 4>'^ 1 (f)^ 2 in the Eq. ()V12j) . the terms of gauge fields are zero due to the 
gauge symmetry, and only scalar 2-point terms for scalars s x (= 4>o),s y (= 02) which are 
(^i-Zoop) 00°^ '^V an d {Sflioop)^ 2 ^^ 2 are om y non-zero. They are common due to 
the Z 2 symmetry between x and y directions. Their analytical expressions are given in the 
Appendices. |D| In order to study the scaling properties of the ratio Sf} t / Sfero, it suffices 
to study S\_i since the denominator has a fixed value — which does not depend on the 
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0.95 
(1+<s>f 



FIG. 1: The graph of V e ff which depends on 



the 1-loop correction of lattice spacing 



Horizontal axis is (1 + (s)) 2 , Vertical one is 
V e ff- We take parameters as N = 200, g 2 = 



_3_ 

80 




FIG. 2: a dependence of the global minima 
(s) o£V e ff. Horizontal axis is lattice spacing 
a, Vertical one is (s). We take here g 2 = 1, 
the solid line is for volume L = 8, while the 
dashed line is for L = 4. 



lattice spacing. The analytic form of Sf]_ loop is 



/ nr(2) \a\a.2 
Wl— loop) [IV 

o(2) 

°l-loop, (7(1) 



o(2) 

a X-loop, 51/(2) 



<WAtf, + ^ 2 5 v ^5^8^Sfl lom m + 2M8^sf} loop> su{2) ] 



1 x ^ 2k 2 

V (l + (s)) 2 (k 2 ) 2 + (1+ (*» 2 [k 2 (l + /2 F ) + 2/4] 2 

-|k 2 + |/i 2 (1 + ( S )) 2 (£ 4 + |/i 2 k 2 + f/i 4 ) 



+ 



(1 + (s)) 2 (k 2 + 3/i 2 ) - Ji 2 [(1 + (s» 2 (k 2 + 3/i 2 ) - p, 



212 



/V2 



-2k 2 



+ 



(i) 

su 



-1 Sli ; 



iV 2 V( 1 + ( s )) 2 ( k2 ) 2 ' (l + (s)) 2 [k 2 (l + / u F )+2 / u 2 i 2 



¥ 2 



(1 + (s» 2 (k 2 + 3/i 2 ) - /i 2 [(1 + (s» 2 (k 2 + 3^ 2 ) - p, 



(1 + (s)) 2 (k x + |/i 2 k 2 + f/i 4 ) 

r,212 



],(V.14) 



where and S[/ , 2 x are the mass correction of the 2/(1) and SU{2) scalar 

fields. Fii , Fi? and F S u , Fsu , i*s« which appear in the fermion loop contributions to 
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FIG. 3: (1/iV, flp = r F /N) dependence of 
the nonabelian part of the 1-loop mass cor- 
rection from the non-zero momentum mode. 
The horizontal axis is jj and the vertical axis 
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FIG. 4: (1/N, Jx F = r F /N) dependence 
of the abelian part of the 1-loop mass cor- 
rection from the non-zero momentum mode. 
The horizontal axis is i and the vertical axis 



is S 



(2) 

1—loop' 



10" 



S f-loo P , U(l) alld S l-loo P , SU(2) are g iven aS 



(2k x ~(l+p F )+jl F )(l+fl F ) F$ = -2[(1 + Ji F fky - f F ]{l + jl F ) cos{h 



F« = k x cos(k x a) [(1 + ftp) 2 + 1] F$ = -fl F {l + ft F ) 2 k x + fi F k x 3k x 

F^ = }1 2 F (1 + ji F ) 2 + p, F cos(2k x a) = [(1 + Ji F fky + p? F ] [(1 + Ji F ) 2 + 1] 



(V.15) 



In order to see whether the 1-loop correction vanishes in the continuum limit, we evaluate 
^i-loop ^i-ioop 5(7(2) m E<h (|V-14|) numerically. The numerical results for several values 
of (1/N, pL F = r F /N) with /i = 1/N are given in Figs. HUandlU with r F fixed. Figs. El El 
shows the results for several values of r F with the lattice spacing a fixed. 

We find that the 1-loop correction for r F ^ does not vanish in the continuum limit, 
while that for r F = vanishes. This scaling behavior can be understood as follows. Let 
us divide the momentum integration region into two parts, i.e. high momentum parts: 
fi C p ~ 1/a, and low momentum parts: fi ~ p <C l/o. In high momentum region /i 
is a small perturbation and the leading contribution vanishes due to exact susy, while the 
sub-leading contributions are suppressed by powers in a. In low momentum region /i is not 
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FIG. 5: (1/iV, fip = r F /N) dependence of 
the nonabelian part of the 1-loop mass cor- 
rection from the non-zero momentum mode. 
Horizon axis of this graph is — = rp and 

(2) 

the vertical axis is . Open symbols 

denote the data for non-zero rp for fixed lat- 
tice spacings. In order to guide the eye, data 
for the same lattice spacing are connected by 
straight lines. The filled circles are the val- 
ues for rp = 0, for each lattice spacing a. 



FIG. 6: (1/JV, ji F = rp/N) dependence 
of the abelian part of the 1-loop mass cor- 
rection from the non-zero momentum mode. 
Horizon axis of this graph is — = rp and 

(2) 

the vertical axis is S\_ loop . Open symbols 
denote the data for non-zero rp for fixed lat- 
tice spacings. In order to guide the eye, data 
for the same lattice spacing are connected by 
straight lines. The filled circles are the val- 
ues for rp = 0, for each lattice spacing a. 



a small perturbation but the integral can be approximated by the continuum expression, 
e.g. sinfj^a) — > ap^, cos(p M ) — > 1 + 0((ap) 2 ) etc. Then the sum can be approximated by the 
integral with the infra-red cutoff ko = k$a ~ 1/N and some intermediate ultra-violet cutoff 
ki = kia(k <^k!<^: 1): 



Si 



(2) 



-loop 



28 ai '°S a2 '° 



fc <|k|<fc 



d 2 k 

1 i^r 



2k 2 -2k 2 + g| 
_ (k 2 ) 2 + [k 2 + 2/i F 2 ] 2 



+ 



)k 2 + f fi 2 , k\ + |/. 2 k 2 + f/, 4 ) 



k 2 + 2/z 2 



+ 



[k 2 + 2fL 



,-,212 



+2M5 ai ' a2 



fc <|k|<fc 



d 2 k 



2k 2 2k 2 + ftp + 2jj 2 F 



2\2 



[k 2 + 2fi 2 F ] 2 



^u 2 



k 2 + 2ft 2 



+ 



k\ + l/. 2 k 2 + w 



[k 2 + 2/2 



21 2 



(V.16) 



17 



where we have set (s) = for simplicity. Then the first two terms in each integration give 
rise to contributions linear and logarithmic in the infra-red cutoff as 



o(2) 

°l-loop 



~ 2<5 ai '°<5 a2 '° 
+2M6 ai ' a2 



1 

47T 
1 



-<^(f) 



5fi 



k 2 
/t 



2j& 



k + 2fip 



-2%( 1 4)+2%( 



(V.17) 



which give volume independent mass terms in the continuum limit. One might naively 
wonder why setting fi = fip and taking the limits (1) a — *■ then (2) 1/L — > does 
not work. This is because the contributions from infra-red parts are not completely 
canceled out due to the asymmetry between the infra-red regulator of boson and fermion as 
mentioned in Sec. 11111 although the contributions from the UV part are canceled as expected. 

In order to avoid the appearance of such counter terms, one should adopt the following 
procedure: 

1. Compute physical quantities for fixed (1/N, ]xf = rp/N). 

2. Take \ip — > with fixed 1/N first , i.e r F — > 0. 

3. Then take the continuum limit, i.e. 1/N — > . 



This two-step limit can avoid the counter terms as can be seen from Eq. (jV.17|) . 



D. Procedure 4: non-perturbative study of the zero momentum mode 

From the results of procedure 3 in the previous section, no term of 1-loop contributions 
from non-zero momentum modes to the effective action in Eq. (jV.12|) can survive in the 
continuum limit. Therefore in order to evaluate 1- and 2-point functions in the continuum 
limit, we only have to perform the following integral 



/d0(O)drf[^(O)]IJW(O))e- 



= L?gi - , , (V.18) 



/ d(j)(0)det[D40)}e- s f- 



Sfin = V Trfc(O), MO)? + -Tr[(§ x (0) 2 + S y (0) 2 )]. (V.19) 
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We discuss whether the fine-tuning is needed or not by the investigation of the infinite 
volume behavior of this value. 

To calculate Eq. (|V.18|) . we should first express the fermion determinant det[D^(0)] from 
the zero momentum modes as the function of bosonic fields analytically. In the integral with 
only zero momentum bosonic modes, we can ignore the coordinate indices n, As is obvious 
from Eq. (|V.9|) the fermion determinant det[D '^{0)} is given as 







\NJ ^-^(2,1)0,0 


(9_\h n^paO \ 


det[Dj,(p)] = p? F det 


\n) - f2 A(2, 1)0,0 


1 


-1 




V (n) 2 ^(1,2)0,0 


1 


1 J 



(V.20) 

If one takes /ip — > limit as the first part of the two step limit, which was explained in 
Sec. IV CI the determinant is simplified to a determinant of the SU(2) group 



±) 2 fi 2 F det(E$ 2)0t0 ) 



det[D40)] ~ 

which is the fermion determinant of the following SU(2) matrix model. 

5 = T <\Y$M 



(V.21) 



(V.22) 



where 



&T°,(// = 0,1, 2, 3) 



-vt 



J — H>\ — ~^yi 02 — Sy, 03 

with T a s being SU(2) generators. This action is invariant under SO (4) Lorentz transforma- 



(V.23) 
(V.24) 



tion 



(V.25) 



where (A)£ is the SO (4) matrix. 

The explicit form of the fermion determinant det[D^(0)} is 



det[D 4 ,(0)] = r^W ■ <PW ■ <PW ■ W 
9 

-(0 1 -0 1 )(0 2 -0 3 ) 2 -(0 2 "0 2 )(0 1 -0 3 ) 2 - 

+ 2(0* • 2 )(0 2 • 3 )(0 3 ■ 1 )] = -^det(r ■ ft), 

9 

3 

fi=0 



1 J.2\2 



(V.26) 
(V.27) 
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which can be obtained as in Ref. 51 1. 

From flSIIIl and flSH| , one can see that the fermion determinant and the bosonic action 
are even functions in M . Since the 1-point function is odd in M , the integration of numerator 
of Eq. (jV.18|) for n = 1 case trivially vanishes. 

We now carry out the integral over the bosonic zero momentum mode in Eq. (|V.18|) for 
2-point function non-perturbatively. We can decompose the action 5/j n as Sfi n = Ssu(2) + 
Su(i), where Ssu<2) and Su(i) are the actions for the 577(2) and U(l) part as 

Ssum = E Tr ^( )'^( )] 2 '+-[(^( )) 2 + ( S K°)) 2 ]' ( v - 28 ) 

Sum = -t(^(0)) 2 + (^(O)) 2 ]. (V.29) 

92 

Thus the 2-point function in Eq. (jV.18|) can be factorized into the product of integrals over 
£7(1) fields and SU(2) fields. Since the fermion determinant is independent of the U(l) part 
of the scalar fields, the U(l) part of the 2-point function I®' becomes a trivial gaussian 
integral and is identical to the tree level value <72-^ 4 - Therefore only the 577(2) part of the 
2-point function becomes nontrivial as 

r 3 /^(0)^(0)^(0)^(0)(g M (0))"(g M (0))^et[/740)]e-^^ 



J ds%(0)dv%(0)ds%(0)ds%(0)det[DTp(0))e 



SU(2) 



(V.30) 

Since (ss) is the zero momentum mode of the propagator, it can be written by the renormal- 
ized mass squared m 2 R which is the sum of the tree level mass squared ^ and the quantum 
correction A/j, 2 

1 



OS 

,2 



{ss )= = (V.31) 

L 2 m R » + A/i 2 

If there is no quantum correction, the 2-point function becomes the tree level value (ss)tree 
with L dependence 

^< M >*«=(*Q =92L 2 . (V.32) 
1. Numerical calculation of the 2-point function 

We perform the integral in Eq. (jV.30|) numerically. Simulations are carried out in the 
Metropolis algorithm with 2.0 x 10 5 sweeps for the thermalization and 2.0 x 10 7 sweeps for 
the measurement. We estimate the error by the variance with binsize of 100 sweeps. 
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5 10 

log(L) 

FIG. 7: The lattice size L dependence of the 2-point function. The horizontal axis is L, where as 
the vertical axis is (ss). 

Since the 2-point function depends only on the product g-iL, we take gi = 1 without 
loosing generality. Fig. [7| shows the L dependence of the 2-point function (ss). As can 
be seen in Fig. [?l we find that (ss) increases with L. Fitting the data with the following 
function 

(ss) ~ AL 3+a , (V.33) 

we obtain A = 0.65(20) and a = 0.210(46). This gives the L dependence of the renormalized 

mass 



m 



+ V^H 1 ~ ) (V.34) 

which vanishes in the large volume limit L — > oo. Our result also implies that the contribu- 
tion from the quantum corrections becomes dominant for large L. Thus in the continuum 
limit for finite volume, there is a non-trivial mass correction which is larger than the tree 
level contribution — . However, after taking the infinite volume limit the mass term vanishes 
so that there is no need for fine-tuning. 



VI. CONSTRAINT FROM THE STABILITY OF THE LATTICE SPACETIME 

In this section we study the stability of the lattice spacetime by the deconstruction against 
quantum effects. In Sec. IV C 11 we found that with sufficiently small g and fixed L, there 
is a minimum of the 1-loop potential V((s)) near the tree-level value and that the 1-loop 



21 




S 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 



* (1+<s>f 

FIG. 8: The graph of (s) dependence of V e ff 
for N = 400, f = 0.075 > 0.2. 
The horizontal axis is (1 + (s)) 2 , while the 
vertical axis is V e ff- 




U 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

(1+<s>) 2 



FIG. 9: The graph of (s)dependence of V e ff 
for N = 200, g 2 = 0.075 > 0.2. 
The horizontal axis is (1 + (s)) 2 , while the 
vertical axis is V e ff. 



shift of the expectation value vanishes towards the continuum limit so that the quantum 
correction becomes irrelevant. However, this may not always be the case for any choices 
of the parameters. In general the tree level contribution of the potential is proportional to 
92 ~ 2^' wnereas the 1-loop correction depends on Jjl. If g 2 L is too large there is a possibility 
that global minima may disappear and the lattice spacetime structure can be destroyed due 
to large quantum effects. Therefore it is quite important to investigate in the parameter 
region of interest where the physical correlation length g^ 1 is larger than the lattice spacing 
a but smaller lattice size L, 

a < (g 2 y 1 < L, (VI.l) 

In Fig. |HJ we show the effective potential for N = 400 and g 2 = 0.075. We find that there 
is no minimum of the potential at 1-loop level. Fig. El shows the 1-loop potential with the 
same g = g 2 a but smaller volume iV = 200, where we find that there is a minimum. From 
this fact it becomes clear that we cannot take too large volume in the region where g is not 
so small. 

The above observation suggests that the set of parameters (g = g 2 a, N = L/a) or 
equivalently (g = g 2 a, g 2 L) has to satisfy some constraints in order to stabilize the vacuum 
with a spacetime structure. Fig. El shows the constraints on the parameter region for 
(g = g 2 a, g 2 L) where the deconstructed spacetime can be stabilized. We have set g 2 = 1 



22 



a (lat 
0.5 

0.45 

0.4 
0.35 

0.3 
0.25 

0.2 
0.15 

0.1 
0.05 



FIG. 10: The constraints on the parameter region of (g = g<iQ> = a,#2-k = L) for the stability of 
the deconstructed spacetime. The symbols x show the region where the spacetime is stabilized, 
while the symbols + show the region where the spacetime is not stabilized. 

without loosing generality. Lattice spacing a in this graph can be regarded as the strength of 
couplings g. In Fig. [HI the parameter region with stable spacetime structure is denoted by 
the symbol 'x' whereas those with no stable spacetime structure is denoted by the symbol 
'+'. It is clear that taking the continuum limit before taking the large volume limit has a 
crucial role to stabilize the lattice structure. 
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A. Role of the supersymmetry for Deconstruction 

In the discussion of Sec. IV C 1\ it seems that cancellation of 1-loop effect between fermion 
and boson is crucial for stabilizing the 'Deconstruction' vacuum. In order to see the role of 
the supersymmetry, we now study the bosonic model where the fermions are dropped from 
the theory. 

The 1-loop effective potential for the bosonic model is 

Veff((s))~l(l + (S)) 2 -1] 2 M 

+ E jp log[{l + {s))2{p + 3/i2) ~ p2]M2 (VL2) 

k 

We have to check whether this potential (|V1.2J) have stationary point or not. The stationary 
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point of this potential (s)& must satisfy following equation. 

= + <»w((i + w - m 

+ J,V g(l + W^±W A/ 2 . (VI.3) 

^ t (1 + + (3(1 + W " 1)P 2 

In order to have a well-defined perturbative vacuum with no tachyons ~ < (1 + (s)) 2 has to 
be satisfied. In this region the second term in Eq. (jVI.3|) is positive. Therefore, the minimum 
can only exist in the region (1 + (s)) 2 < 1, since otherwise the first term in Eq. ()VI.3j) is also 
positive. Now when | < (1 + (s)) 2 < 1, the second term is larger than M 2 , and first term 
is larger than -^M so that 

to 9 

V eff >M 2 -^M. (VIA) 



d(s) g 
Since M > 1 for non-abelian gauge group 



d -V eff > 0, when - = (g 2 L)~ 1 < 1, (VI.5) 



d(s) 5 

so that there is no stable minimum near the tree level minimum in all the physically natural 
parameter region as given in Eq. (jVI.lj) . Although it is difficult to find the global minimum 
with large order correction in perturbation theory, Eq. (jVI.5|) suggests that the quantum 
effect in the bosonic model has the effect to drive VEV (1 + (s))/ \f2a to smaller value, which 
corresponds to larger lattice spacing. Eq. (jVI.5|) imply that the deconstruction cannot make 
a stable spacetime if there is no fermion-boson cancellation. The instability of the bosonic 
model was also observed by Giedt |7( in his non-perturbative study on the bosonic part of 
the CKKU model for the (4,4) 2d super- Yang-Mills |3j where he found that the bosonic 
fields x seem to concentrate at (x) ~ 0. From these observation one can say the CKKU 
model has a stable vacuum not simply because the quantum correction is small but because 
the quantum corrections from the fermionic modes and bosonic modes cancel, which means 
that the supersymmetry is crucial for the stabilization of the deconstruction. 
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B. The meaning of 1-loop calculation for the study of stabilization of lattice spac- 
ing 

We calculated the 1-loop effective potential using the Coleman- Weinberg method. In 
order to study the stability of the theory, of course one has to carry out non-perturbative 
analyses eventually. However, it would be still useful to study the effective potential in 
1-loop approximation for two reasons; (1) By obtaining analytical forms of the potential 
or correlation functions at 1-loop, one can understand the detailed structure of quantum 
corrections. (2) The perturbative result would also be useful for future non-perturbative 
numerical calculations, since it gives us a quantitative idea on the appropriate parameter 
region in which the simulation should be carried out with good stability of the vacuum and 
scaling property. 

VII. CONCLUSION AND DISCUSSION 

In this paper, we have studied the CKKU model at the quantum level by an explicit 
perturbative calculation for the case of U (2) gauge group. We have pointed the subtleties 
of the perturbative correction in CKKU model which arises from the zero-eigenvalue of the 
fermion-matrix and the massless zero momentum mode of the bosonic fields. To make the 
fermion path-integral well-defined, we have introduced the fermion mass term in Eq. (|III.4|) . 
although we have find that the two-step limit, where we take the limit of zero fermion mass 
at first before taking the continuum limit, is necessary to control the counter terms. In order 
to avoid the infra-red divergences we have separated the zero momentum modes and carried 
out the path-integral over these fields non-perturbatively, while non-zero momentum modes 
are treated perturbatively. 

We have then studied the possible counter terms in this model, namely the bosonic 1-point 
and 2-point functions by the explicit calculation. We have found that there are non-trivial 
quantum mass corrections larger than the tree level mass. However these corrections vanish 
in the infinite volume limit so that the CKKU model does not need fine-tuning to recover 
the full supersymmetry. 

We have also studied the stability of the lattice spacetime generated by the 'deconstruc- 
tion'. We have found the constraint on the parameter region for which the lattice spacetime 
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is stable against 1-loop corrections. This constraint is not only interesting quantitative infor- 
mation of the property of the lattice spacetime, but also practically useful as a guide for the 
fully numerical non-perturbative simulations in the future. We have also understood that 
the cancellation of quantum corrections between bosons and fermions is crucial to stabilize 
the lattice spacetime. 

It would of course be important to make a full non-perturbative study of CKKU model 
in our prescription. In particular, a comparison of the result with the study by Giedt ^] 
by a phase quenched model would be interesting. Recently, there are new lattice theories 
which preserve the supersymmetry on the lattice These are the models without 

deconstruction, and might be useful for the practical study. The perturbative study of these 
models would also be important. 
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APPENDIX A: NOTATION AND FOURIER TRANSFORMATION 

Now we define the fourier transformation of the fields on the lattice as follows. 

§x{0) = a—L=y2s xn v x (0) = y2a—==v xn (A.l) 
V9N S „ „ y/gN* 



Sy 



(0) = a /^TTo ^n %( ) = a /^Tn ^ n ( A - 2 ) 

n V 3 n V <J 
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5 x (k ^ 0) = ^ s^e-^-e-* **- ^(k ^ °) = E ^W ia ^e~ ia ^ (A.3) 
s„(k ^ 0) = a^s yn e- iak - n e-^ k y v y (k ^ 0) = J] a^tve^'^-"^ (A.4) 



(A.5) 



1 \_— tak-n 



(A.6) 



«0 



3 1 \ 

= a2 — , > a n 



e e 2 M 



(A.7) 
(A.8) 



a ^ = al jN^ 



—iak-n—ia^k. 



a f_L^ /3ne -iak.n e -iaifc H 



-iakn 



(A.9) 
(A.10) 



We denote two-dimensional momentum as k = (k x , k y ). And we define the lattice mo- 
mentum k X; y, k as 



k'„ = — sin(— —J, k x = ak x = 2sm(— -) 



a 

k' = - sin' 

y a 



2 

2 ,, fcj, = afc|, = 2sm(— J 



2 z 



(A.ll) 
(A.12) 
(A.13) 



The coupling g, and the masses /x, /ip in the lattice unit are defined as 

1 

g = g 2 a, /x = a/x = — , ji F = afx F 



(A.14) 
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We denote generators of gauge group U{2) with fundamental representation as 2 x 2 
matrices T M , (// = 0, 1, 2, 3) ,where T° is the one of U(l) C C/(2) and T 1 , T 2 , T 3 are ones for 
SU(2) c 17(2). 



We also define t^" and as 



H ,o = -Tr{T»T v T»)5 m>n . 



(A.15) 



APPENDIX B: FERMION MATRIX 

Momentum representation of fermion action is written as 

r 2 iv 2 (< ^,|^ 0) , ft (#0) ,|&|fi8> 



y /1 (2,2)k, P 


-5 rj/ife 
y 2 - D (2,2)k,0 


^ 2( ^C(2,l)k,0 




y ^(2,2)0,p 


WfE' %2 +g* ^2)0,0 




9 5 ^-^(2,1)0,0 


^ 3G (l,2)0,p 


P^-^A(2,1)0,0 


qP-f 


~Wf 


^ 2 J (1,2)0,P 




Wf 


9Pf 



\ 




V A° y 



(B.l) 



where the sub- matrices A^ oN1 . , -B[l b 2 ^ k ... 



l (2 2)k P ' -^(2 2)k o' ' " ' ^(i 2)0 o are °f or der unity with respect to 
and (7. In this section, we take generators with subscripts written in Roman letters a, b as 
the generators of SU(2) C U(2), and ones with subscripts written in Greek characters //, v 
as generators of U(2). The explicit forms of sub- matrices of fermion matrix are given as 
follows: 



AflV 

/1 (2,2)k,p 



a l,l 0-1,2 
0-2,1 0-2,2 



(B.2) 
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where 

ai,i ={ikx + /W^Xl + (s))4+ P ,o<^ 

+ (p q ^o + ^ q =o) p (^eW(l + a*f) - ^ p e^))5 k+P+q ,o, (B.3) 

^ , —iaky , 

Ol,2 = - + (s»<Wp,o^ 

1 / i(qx —ky ) v , —i(qx ~ky ) 

+ (&/ q #o + ^ 5 y q =o) p (-^e(^^)(l + + t^'e(^— ))<f k+p+q , , (B.4) 
02,i + /i>e ( — 0(1 + (s»5 k+P ,o^ 

+ feo + ^^ q =o) p (^e^)(l +U F ) -^e^))4 +P+q ,o, (B.5) 
a 2 , 2 =H£ + /i>e ( ^ } )(l + (s»<W P ,o<^ 

+ (^o + y^ q=0 ) p (^e( 1 ^ M )(l + /x F ) - re^'))W q ,o. (B.6) 



ab 

(2,2)0,0 



S£(r^(i + /r F ) 


- t^) 


y p (-t a P b (l+/I F )+t ab P) 


^(^ 6 (i + /i» 


- t abp ) 


x p {t a P b {l + fi F ) -t ab P) 



2,2 



/ fi F 5 ab (l + (s)) -j2 F 5 ab (l + ( s )) 
\fi F S ab (l + {s)) fL F 5 ab (l + (s)) 



(B.7) 



(B.8) 



B 



fib 

(2,2)k,0 



X P _ k (t^ b (l + }1 F ) -t^P) 



§P_ k ^P b (l + fi F ) - t» b P) 



.{tP pb t 



-ia{ky + k x ) 



\l + ji F ) -t» bp e 



ia(k y +k x ) 



(B.9) 



^_ k (^e(^^)(l + ^)-^M M ^)) J A(W V^Mj 

(B.10) 



V) av 

^(2,2)0,p 





^(1 + ^) 




y p - P (-t apl/ e( 


=T) ( i + /iF ) + ^P e (T)) 




^>(1 + /xf) 




x p _ p (t apu e( z 


F) ( l + ^)_^p e (^)) 



^£(2,1)0,0 




^A(2,l)0,0 



a(-i-aaO\ 



Vo(t 



(B.H) 
(B.12) 
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^(l,2)0,p 



(x<L p (t°^e^\l + jl F ) - t°^e^),y p _ p (-t°^e^\l + jl F ) + t^e^)) 

(B.13) 

^1,2)0,0 = + fi F ) - t ob n, y p (-t opb (i + fi F ) + t ob n) (B.14) 



^2)o, P = (E P (t°-e^)(l+^) -^)),£ p (^)(l + |i P ) -f«*' e <^ 

(B.15) 



^,2)0,0 = (y P (^(l + Af) ~ t ob »),£ p (t 0pb (l + Hf) ~ t oh n) 
The ghost term is described as 



/ 



1 k,p 


(!) 
























X / (*) 1/2 6p^ 



V f 2 , 



where 



(B.16) 



(B.17) 



T k!p = k2 ^'^k, P - (e ikx - l)\tTr(T»[T\x_^ p }) - tTr(T»x^ p T»)(e tp * - 1) 

- tTr(T»[x_^ p ,T»}) - iTr(T^I_ k _ p )(e^ - 1)] 

- (e^ - l)\iTr{T»[T\y^_ p ]) - iTr{T»y_^_ p T v ){e^ - 1) 

- iTr(T"[£_ k _ p ,T"]) - iTr(W^_ k _ p )(e^ - 1)], (B.18) 



eft = - (e ik * - l)[^Tr(T^T b ,£_ k ]) - iTr(T^ [x_ k , T 6 ])] 



'k,0 



- l)[iTr(T"[T b ,y_ k ]) - iTr(T At [y_ k , T ])] 



(B.19) 



APPENDIX C: MEASURE TERM 

Here, we will give the expression of the measure term. The gauge invariant measure term 



a/ det(g) n is defined by the metric Qabxy as 

J dxdxdydy = J Y\_V det(g)ds x ds y dv x dv y , 



(C.l) 
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where the metric is defined by the gauge invariant norm 

Tr[(dx a dx a ) + (dy n dy n )} = g A Bnd(pid(p^. (C.2) 

Here = 1, • • • , 16) represents the U{2) scalar and vector fields namely 
{s" n , v xn , Sy n , Vy n , a = 0, 1, 2, 3} Using the parameterizations in Eqs. (jlV.l|) and (jlV.2|) . dx n 
is written as 

dx n = ds xn U xn + (1 + (s) + s xa )dU xa dU xn = e ia ^ +dv ^ - e iav ™ (C.3) 

dx n = Ul n ds xa + dUlJl + (s) + s xn ) dUl n = e - ia ^ +dv ^ - e~ iav ™. (C.4) 

Then, the left hand side of (jC.2|) will be 

Tr(dx n dx n ) 
1 

= -Tr[ds 2 xn + ds xn (U xn dUl n )z xn + z xn (dU xn Ul n )ds xn + zl n dU xn dU j xn ], (C.5) 

where 

z xa = (l + (s) + s xa ). (C.6) 
Explicit form of dU xn Ul n is obtained as 

U xn dUl = -i_ dv xn = -iT a _ dvL (C.7) 

^ "in \ * "in / 

\ / af) 

dU xn U xn = dv xn = +tT a _ dv? n (C.8) 

iV XJl \ iV xn / 

where V xn is defined by the adjoint representation of U (2) gauge group given as 

V£ = -ie ab X a , (a, b, c= 1,2, 3) (C.9) 

This derivation is the same as described in Ref. j^j]. Substituting Eqs. (|C.7|) and (|C.8|) into 
Eq. ()C.5|) . we obtain the explicit form of the metric g a! 3 n = g^l n + <O n , where 

(*) _ 1 [ 1 WS + F S)n \ , , 

F«d^ = rr(T a rrr«)H(^t^l] (c.n) 



7/3 



F [ Xdsldvi = Tr{T & T<T«)zl n {i I J (G.12) 

H abn dv: n dvL = Tr(TT^T 5 )z xn zi n ( ^ ~ 1 ) f ^"" 1 ) *£dt& (C.13) 
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and similar expressions for g^ n - We note that the cross terms of x and y vanish. 
The square root of the determinant of the metric is 



det(g) n = det(gW) n det(gW) n , 



(C.14) 



where 



= ex P [\ Y,[log{\{H + H T ) n - \{F^ + F W) n x (F^ + F^) n }U], 

(C.15) 



and similar expression for g^. When we ignore the gauge fields, log^det(g x ) n reduces to 
logy/det(g*) n = log[^Tr(z 2 xn {T a ,T a }) - ^Tr(z xn [T\T a })Tr(z xn [T^T^})}. (C.16) 



Expanding log^/det(g x ) n around the s x = s y = through second order, we obtain the 
effective action from the measure term 

Smeas =^[-/o(?[(l + (s)) 2 ]M 2 - (1 + (s) y l Tr [(s xn + s yn ){T a ,T a }} 



-(l + (s))- 2 ^Tr[(sl n + sl n ){T a ,T a }] 

+ (1 + ( s })- 2 ±Tr[(s xn + s yn )[T^T a ]]Tr[(s xn + s xn )[T a , T 13 ]] + ■ ■ •] 



(C.17) 



APPENDIX D: 2-POINT AMPLITUDES 

The 2-point amplitudes corresponding to the Feynman diagrams for scalar, ghost, gauge 
boson, and fermion loops as well as the measure term are given by 



1. contribution from scalar 3-point vertex 

-4 



1 ^ (l + (s)) 2 (k x 
N k [(l + (s» 2 (k 2 + 3M 2 )-^ 2 ] 2 



^— — - ^— 2S ai '°5 a2 '° 



+ 



(l + ( S )) 2 (fc x +1^ + 1^) ^^ 



[(l + ( s )) 2 (k 2 + 3^ 2 )-Ai 2 ] 2 
2. contribution from scalar 4-point vertex 



-y 



|k 2 



k (l + ( S ))2(k2+3M 2 )- /S 
+ 



r,2 



-2S ai ' a S a2 '° 



-ik 2 -l 



lu 2 
4P 



(l + (s)) 2 (k 2 +3M 2 )-/7 2 



-2M<5 C 
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3. contribution from scalar 2 gauge 1 vertex 



-y- 



11,2 



k 2 -1 



N k (l + (s)) 2 (k 2 + 3Ai 2 )-M 2 
|k 2 + l 



k 

+ - 



(l + (s)) 2 (k 2 + 3M 2 )-A 2 



2(5 ai '°(5 Q2 > 



2MS C 



4. contribution from ghost loop 



E 



^ k (i + (s)) 2 (k 2 ) 2 



2^1,0^2,0 



-2M<5° 



(1 + (s)) 2 (k 2 ) 2 
5. contribution from gauge2 scalar2 vertex 



-y 



2 s k -25 ai '°S a2 '° 



(l + ( s » 2 (k 2 ) 



11,2 



+ 



-2M(5° 



(l + ( s )) 2 (k 2 ) 
6. contribution from gauge2 scalar 1 vertex 



^ k (l + («» 2 (k 2 ) 2 



3^2^2 _ ir 2 i, 2 



(1 + (s)) 2 (k 2 ) 2 
7. contribution from measure term 
1 



E 



^ k (l + (^» 2 (k 2 ) 



ifk 2N ) 2 

- ' 2(5 ai '°5 Q2 '° 



+ 



-±(k 2 ) 2 



-2MS° 



(1 + (s)) 2 (k 2 ) 2 
8. contribution from fermion loop 



measure 



2M5 a ^F su2 
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Ul / 

' M l = — 

(i + ( s )) 2 [k2(i + / i7) + 2/r F 2 ]2 

_ foC^I , ,r ^ , ,r2\/i , . r \ P (2) _ r/l i ,r ^C 2 ,r 2i 



(D.l) 



Fyj = -(2k x (1 + fT F ) + + iIf) = -2[(1 + - /i F 2 ](l + //>) cos k x 

j-, ^-fsti T -Tsu T -Tsu T -T su J 
r su o = ~ 

(l + ( S >) 2 [k 2 (l+^) + 2^ 2 ] 2 
f£> = £ 2 cos^) [(1 + ii F ) 2 + 1] F s (2) = -fi F {l + fi F ) 2 k x + (i F k x 3k x 

=/i F 2 (l + /i F ) 2 + iT F cos(2k x ) F^ = [(l + fi - F ) 2 k y 2 + f i F 2 }[(l + fi F ) 2 + l] (D.2) 
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